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The inuene of asymmetry on a magnetized
proto-neutron star.
I. Bednarek, A. Brzezina, R. Ma«ka, M. Zastawny-Kubia
a
Department of Astrophysis and Cosmology, Institute of Physis,
University of Silesia, Uniwersyteka 4, PL-40-007 Katowie, Poland.
Using the Relativisti Mean Field Theory (RMF) it is shown that dierent
proton fration whih is diretly onneted with the neutron exess and
with the asymmetry of the system aets proto-neutron stars parameters
and hanges their omposition. The obtained form of the equation of state
allows to onstrut the mass-radius relations and shows that the inreasing
asymmetry reates more ompat stars. The inlusion of δ meson together
with nonlinear vetor meson interation terms and magneti eld make
this eet even stronger.
Introdution
Properties of dense matter in strong magneti eld has been the subjet of in-
vestigations in astrophysis of white dwarfs, proto-neutron and neutron stars.
Observations of pulsars suggest large surfae elds of the order of 1014 G [1℄.
This very high value indiates the existene of even stronger interior magneti
elds. In fat the virial theorem suggests that interior magneti elds an reah
the value of the order of 1018 G. The inuene of this extraordinary high mag-
neti eld on neutron star matter properties are of partiular importane after
the disovery of magnetars [1℄. Their observations suggest that in the ase of
these objets we are dealing with young neutron stars with extremely strong
surfae magneti elds ∼ 1015 G whih in turn give an interior eld of the
order of 1018 G. Also properties of proto-neutron stars, under the inuene of
magneti eld should be examined. Assumptions onerning omposition and
the equation of state of hot, lepton rih matter have been studied by many
authors (Strobel et al. 1999, Bombai et al. 1995, Takatsuka 1995, Ma«ka et
al. 2001) [2,3,4,5℄. Matter inside a proto-neutron star is highly degenerate and
hemial potentials of its onstituents are a few hundreds of MeV . Like in a
neutron star the strength of magneti eld of a proto-neutron star hanges
from 108 G at the surfae up to 1018 G in the enter [6℄. A proto-neutron star
[7,8,9℄ is a result of a supernova explosion whih forms low entropy ore with
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trapped neutrinos. The ore is surrounded by a low density, high entropy man-
tle. The onstrution of a proto-neutron star model is based on various realisti
equations of state and gives a general piture of proto-neutron star interiors.
The more omplete and realisti desription of a proto-neutron star requires
taking into onsideration eets of nite temperature and nonzero magneti
elds. Using the relativisti mean-eld theory approah the adequate form of
the equation of state enlarged by ontributions oming from magneti eld
and temperature is onstruted and serves as an input to the Oppenheimer-
Volko-Tolman equations. The theory onsidered here omprises eletrons,
neutrinos, salar, vetor-salar and vetor-isovetor mesons. The RMF theory
implies that the nuleon interations appear through the exhange of meson
elds [10,11,12,13℄. This theory is very useful in desribing properties of nu-
lear matter and nite nulei. Its extrapolation to large harge asymmetry is
of onsiderable interest in nulear astrophysis and partiulary in onstruting
proto-neutron and neutron star models where extreme onditions of isospin are
realized. The model onsidered desribes high isospin asymmetri matter and
it has to be extended by the inlusion of isovetor-salar meson a0 (980) (the
δ meson) and nonlinear vetor meson interation terms. Knowing the form of
the equation of state is the deisive fator in determining properties of proto-
neutron stars suh as: entral density, mass-radius relation, rust extent or the
moment of inertia. The essential goal of this paper is to obtain the equation of
state for proto-neutron star matter within the desribed above model in the
relativisti mean eld approah (RMF) and to study the inuene of proton
fration on proto-neutron stars parameters. The variable proton fration to-
gether with the inlusion of δ meson and nonlinear vetor meson interations
alter the proto-neutron stars hemial omposition. This in turn aets the
properties of the star making the proto-neutron star more ompat.
The generalized Relativisti Mean Field approah
The Lagrangian funtion for the system an be written as a sum of a bary-
oni part LB whih inludes baryon-meson interation terms, mesoni part
LM ontaining additional interations between mesons whih mathematially
express themselves as supplementary, nonlinear terms in the Lagrangian fun-
tion, the leptoni part LL, the Lagrangian density funtion of the QED theory
LQED and the gravitational term LG
L = LB + LL + LM + LG + LQED. (1)
The nal form of the Lagrangian funtion is given by
2
L = iψγµDµψ − ψ(MN − gσϕ− I3Ngδτaδa)ψ − κNψσµνF µνψ (2)
−1
4
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1
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g4ρζ(b
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+(gρgω)
2Λvb
a
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aµωµω
µ + (gρgs)
2Λ4b
a
µb
aµϕ2
with the ovariant derivatives Dµ and D˜µ dened as
Dµ = ∂µ +
1
2
igρρ
a
µσ
a + igωωµ + iQAµ, D˜µ = ∂µ + iQAµ. (3)
In the ase of nuleons Q takes the value e for protons (e is the eletron harge)
and 0 for neutrons (Q = e, 0). In the leptoni setor (Q = −e, 0) where −e is
given for eletrons and muons and 0 for neutrinos. H is Higgs eld and this
eld has only the residual form
H =
1√
2

 0
v


where the value v = 250MeV omes from the eletroweak interation sale.
In a strong magneti eld, ontributions oming from the anomalous magneti
moments of protons and neutrons (κN , N = {p, n}) have to be also onsid-
ered. The anomalous magneti moments introdued via the minimal oupling
of nuleons to the eletromagneti eld tensor an be represented phenomeno-
logially by interations of the type κNψσµνF
µνψ , where σµν =
i
2
{γµ, γν} [14℄.
Considering both the physial onditions and hemial equilibrium whih are
likely to be satised in a proto-neutron star one an onstrut a proto-neutron
star model with a temperature T equals 20 MeV and magneti eld strength
B ∼ 103Bec where Bec is the value of the ritial magneti eld for an eletron
Bec= m
2
e/ | e |= 4.414× 1013 G. The model examined in this paper represents
the one with moderate value of magneti eld. In this ase the ontributions
to the equation of state oming from anomalous magneti moments are small
(∼ 1MeV ) in omparison with the energy of magneti eld. Thus this rela-
tively small value of magneti eld allows to neglet the anomalous magneti
moments unlike to the ase desribe in the paper by Prakash et al. [14℄ where
authors onsider the ase of extremely strong magneti eld of the order of
1018 G. Realisti proto-neutron star models desribe eletrially neutral, hot,
high density matter being in β equilibrium. The last ondition implies the
presene of leptons whih is expressed by adding the Lagrangian of leptons to
3
Table 1a
The parameter sets of the model [14,15℄.
gρ gδ gσ gω Mσ (MeV )
TM1 9.264 0 10.0289 12.6139 511.12
TM1 + nonl. 10.875 3.5 10.0289 12.6139 511.12
GM3 8.5417 0 7.1857 8.7041 450.00
Table 1b
The self-interating oupling onstants [14,15℄.
g2 (MeV) g3 c3 Λv Λ4 ζ
TM1 1427.18 0.6183 71.3075 − − −
TM1 + nonl. 1427.18 0.6183 71.3075 0.008 0.001 0.5
GM3 3016.52 −6.4546 0 − − −
the Lagrangian funtion. The fermion elds whih are inluded in this model
onsists of neutrons, protons, eletrons, muons and neutrinos
ψ =

 ψp
ψn

 , L1 =

 νe
e−


L
, L2 =

 νµ
µ−


L
, eRf =
(
e−R, µ
−
R
)
. (4)
As a proto-neutron star matter is of sizeable asymmetry the additional δ
meson has been inluded and the meson setor is omposed of isosalar (salar
σ and vetor ω) and isovetor (salar δ and vetor ρ) mesons. The potential
funtion U(ϕ) = 1
2
M2σϕ
2+ 1
3
g2ϕ
3+ 1
4
g3ϕ
4
has a very well known form introdued
by Boguta and Bodmer [16℄. Nuleon masses are denoted by MN (N=p,n)
whereas Mω, Mρ, Mσ and Mδ are masses assigned to the meson elds. They
are taken at their experimentally values: Mω = 783MeV , Mρ = 770MeV
and Mδ = 980MeV . The nonlinear vetor meson interation terms have been
added in order to give a detailed aount of a matter inside a proto-neutron
star. This has been done through the onstrution of adequate form of the
equation of state. To determine the equation of state at nite temperature and
nonvanishing magneti eld some parameterizations have been used. The rst
one is known as TM1 parameter set [15℄, the seond one noted as TM1+nonl.
inludes nonlinear terms in the meson setor. The third is the GM3 parameter
set [14℄. The parameters entering the Lagrangian funtion are the oupling
onstants gρ, gδ, gσ, gω for meson elds and self-interating oupling onstants
g2 g3, c3, Λv, Λ4 and ζ . All these parameters have been hosen to reprodue
4
Table 2
The nulear matter properties.
Eb (MeV ) meff/M nS (fm
−3) K0 (MeV ) asym (MeV )
TM1 −16.3 0.658 0.1455 281.99 36.82
TM1 + nonl. −16.3 0.664 0.1455 281.99 32.22
GM3 −16.3 0.78 0.153 240 32.5
properties of symmetri nulear matter at saturation and they are olleted in
Tables 1a and 1b. In the originalGM3 and TM1 approahes neutrinos are not
inluded sine these parameterizations desribe a neutron star matter. In this
ase neutrinos leave the star unhindered. In order to onstrut the neutron
star model through the entire density span the addition of the equations of
state, harateristi for the inner and outer ore, relevant for lower densities
is neessary. In the result the omposite equation of state for whih the TM1
or GM3 parameter groups desribing the neutron star ore are supplemented
with the Negele-Voutherin (NV) + Bonn desribing inner rust an be used.
The equilibrium properties of nulear matter whih are known with reasonable
preision are: the nulear saturation density nS, the binding energy Eb, the
inompressibility K0, the symmetry energy asym and the eetive nuleon
mass. Nulear matter properties alulated for given parameter sets (Tables
1a and 1b) are summarized in Table 2. The presene of additional nonlinear
ρ meson interation terms and δ meson whih arries izospin ontribute to
the symmetry energy. Thus the value of the parameter gρ has to be redened
for the TM1 + nonl. parameterization. Parameters gρ, gδ, Λv, Λ4 and ζ are
not hosen arbitrary they have to be given in a speied form adequate to
reprodue the value of the symmetry energy asym. The vetor potential for
the eletromagneti stress tensor Fµν is given by Aµ = {A0 = 0, Ai} where
Ai = −1
2
εilmx
lBm0 .
The symmetry in whih uniform magneti eld B0 lies along the z-axis has
been hosen hosen Bm0 = (0, 0, Bz). Considering the inuene of an external
magneti eld on proto-neutron star onstituents one an start with determin-
ing the dispersion relations for them. The dispersion relation for an eletron
in a magneti eld is
εe =
√
p2z +m
2
e + 2neBz,
where n is the Landau level, pz is the eletron momentum along the z-axis and
me is the rest mass of the eletron [17℄. Along the eld diretion a partile
motion is free and quasi-one-dimensional with the modied density of states
whih is given by a sum
5
2
∫
d3p
(2pi)3
→∑
s
∞∑
n=0
[2− δn0]
∫
eBz
(2pi)2
dpz,
δn0 denotes the Kroneker delta [17℄. The spin degeneray equals 1 for the
ground (n = 0) Landau level and 2 for n ≥ 1. Similar results an be obtained
for muons by replaing the eletron quantities by the orresponding muon
quantities. The energy dispersion relation for protons for arbitrary Landau
level in a magneti eld is [14℄
εp,s =
√
p2z + (
√
M2p,eff + 2nQBz + sκpBz)
2
(5)
and s = ±1 being "spin" number. For moderate values of magneti elds
strength this equation redues to the following one
εp ∼
√
p2z +M
2
p,eff + 2neBz.
A neutron an interat with an external eletromagneti eld by means of the
Pauli non-minimal oupling. Then the energy dispersion relation for neutrons
in a magneti eld is given by
εn,s =
√
p2‖ + (
√
M2n,eff + p
2
⊥ + sκnBz)2 (6)
where p‖ = pz and p⊥ are the omponents of the neutron momentum parallel
and perpendiular to the magneti eld. As it is usually assumed in quantum
hadrodynamis the mean eld approximation is adopted and for the ground
state of homogeneous innite matter quantum elds operators are replaed
by their lassial expetation values. One an separate mesoni elds into
lassial mean eld values and quantum utuations whih are not inluded
in the ground state and thus mesons elds are replaed by their mean values
σ =< ϕ >, da =< δa >= δa,3d0, wµ =< ωµ >= δµ,0w0 and r
a
µ =< ρ
a
µ >=
δa,3δµ,0 r0. The Dira equation at the mean eld level for the nuleon quasi-
partile has the form
(iγµDµ −MN,eff − κNσµνF µν)ψ = 0 (7)
with MN,eff being the eetive nuleon mass generated by the nuleon and
salar elds interations and dened as
Mp,eff =Mδp =M − gsσ − gδd0, (8)
Mn,eff =Mδn =M − gsσ + gδd0. (9)
The main eet of the inlusion of δ meson beomes evident studying prop-
erties of proto-neutron star matter espeially nuleon mass splitting and the
6
form of the equation of state. With the eetive nuleon mass MN,eff one an
redene the proton and neutron hemial potentials
µp = εp + gωw0 +
1
2
gρr0 (10)
µn = εn + gωw0 − 1
2
gρr0 (11)
where εp and εn is given by relations (6) and (5). The obtained eetive nuleon
hemial potentials allow to dene onditions that are regarded as essential
to uniquely determine the omplete equilibrium omposition of proto-neutron
star matter at given density. These onditions arise from harge neutrality,
baryon and lepton number onservation. The last one is stritly onneted
with the assumption that proto-neutron star matter is opaque to neutrinos.
Neutrinos are trapped inside the matter and this through the requirement of β
equilibrium puts ertain limits on the hemial omposition of a proto-neutron
star matter. For the ase to be onsidered the proesses of β-deay and inverse
β-deay take plae [18℄
p+ e ↔ n+ νe. (12)
For large enough eletron Fermi energy it is energetially favorable for ele-
trons to onvert to muons
µ+ νe ↔ e + νµ. (13)
The hemial equilibrium established by the above proesses is given by re-
lations between hemial potentials of proto-neutron star onstituents and
impose onstrains on them.
µνe = µe + µp − µn (14)
µνµ = µνe − µe + µµ . (15)
From the equations (10) and (11) the eletron neutrino hemial potential an
be expressed in the following way
µνe = µe + εp − εn + gρr0. (16)
With the assumption that only eletron neutrinos are aptured in the star
ore (µνµ = 0) the following relations for eletron neutrino and muon hemial
potentials an be obtained
µνe =µe + εp − εn + gρr0
µµ=−µνe + µe = −εp + εn − gρr0. (17)
7
Both eletron neutrino and muon hemial potentials depend on nuleon asym-
metry. The muon hemial potential depends on the asymmetry of the whole
system through the value of the ρ meson eld whih is diretly onneted
with the neutron exess and the dierene of nuleon energies. Comparison
between the matter with high asymmetry (Yp = 0.11) and the one with low
asymmetry indiates that in the former ase the muon hemial potential is
greater than that of the later one. This translates to the lower number of
muons in the proto-neutron star matter with the proton number Yp of the
order of 0.38. The inrease of neutron exess is onneted with the inreasing
number of muons. Their ontribution to the pressure and energy density of the
system beome signiant. To onstrut the equation of state of the system
the energy-momentum tensor has to be alulated. The pressure is related to
the statistial average of the trae of the spatial omponents of the energy-
momentum tensor P = 1
3
< Tii > whereas the energy density ε equals < T00 >.
In general in the presene of magneti eld the pressure an be written as a
sum of the isotropi part whih inludes ontributions oming from eletrons,
nuleons, mesons and the eletromagneti anisotropi part TBµν is given by
TBµν = F
λ
µFνλ −
1
4
gµνFαβF
αβ.
In artesian oordinates the eletromagneti part of the energy momentum
tensor in the at spae-time has the form
TBµν =


1
2
B2 0 0 0
0 1
2
B2 0 0
0 0 1
2
B2 0
0 0 0 −1
2
B2


. (18)
On the other hand in polar oordinates TBµν has been written as follows


1
2
B2 0 0 0
0 −1
2
B2 cos 2θ 1
2
B2r sin 2θ 0
0 1
2
B2r sin 2θ 1
2
B2r2 cos 2θ 0
0 0 0 1
2
B2r2 sin2 θ


.
Taking the average over all diretions allows to obtain the isotropi form of the
energy momentum tensor relevant for the spherial symmetri onguration
8


1
2
B2 0 0 0
0 1
6
B2 0 0
0 0 1
6
B2 0
0 0 0 1
6
B2


.
The assumption of the positivity of the total pressure P has been made. Any
negative ontributions to the pressure diminish it and lead to the derease
of a star radius. The desribed above averaging approximates the star as an
spherially symmetri objet with the radius R whih is smaller than the
equatorial radius of an anisotropi star. (The ase of an anisotropi star is
alulated in details in the paper by Konno et al. [19℄). The ondition of
the positivity of the total pressure establishes a limiting value of the density
noted as ρcrit and at the same time puts limit on the spherial symmetri
approximation (the deformation of the star is negleted). For densities smaller
than the ritial one the total pressure beame negative and there is no gravity
ompensation in this diretion. The total pressure and the energy density
of the system supplemented by orretions oming from magneti eld are
obtained by adding ontributions from mesons and fermions
P = Pf + PQED − U(σ) + 1
2
M2ρ r
2
0 −
1
2
M2ωw
2
0 −
1
2
M2δ d
2
0 + Λvg
2
ωg
2
ρr
2
0w
2
0+
+g2σg
2
ρΛ4r
2
0σ
2 +
1
4
c3w
4
0 +
1
24
ζg4ρr
4
0
ε = εf + εQED + U(σ) +
3
4
c3w
4
0 +
1
2
M2ωw
2
0 +
1
2
M2ρ r
2
0 + 3Λvg
2
ωg
2
ρr
2
0w
2
0 + g
2
σg
2
ρ
Λ4r
2
0σ
2 +
1
8
ζg4ρr
4
0 +
1
2
M2δ d
2
0
where f = (i, n), i = (e, µ, p) and εQED =
1
2
B2, PQED =
1
6
B2. The fermion
pressure is dened as
Pi =
γem
4
i
4pi2
∑
s
∞∑
n=0
[2− δn0]{I−1,2,+(zi/ti, ς2i + 2γen)
+I−1,2,−(zi/ti, ς
2
i + 2γen)}
where the Fermi integral
Iλ,η±(u, α) =
∫
(α + x2)λ/2xηdx
e(
√
α+x2∓u) + 1
(19)
was used, zi = µ0/mi, ti = kBT0/mi, ui = zi/ti, γe = Bz/B
e
c and ςi =
mi,eff/mi. The last quantity equals 1 for eletrons and muons. The ritial
9
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Figure 1. The lepton hemial potentials (e, µ, νe) as a funtion of the baryon density.
magneti eld strength for eletron equals Bec=m
2
e/ | e |= 4.414×1013 G. The
fermion energy density is also dened with the use of the Fermi integral
εi =
γem
4
i
4pi2
∑
s
∞∑
n=0
[2− δn0]{I1,0,+(zi/ti, ς2i + 2γen)
+I1,0,−(zi/ti, ς2i + 2γen)}.
Conlusion
Analyzing properties of proto-neutron star matter some features whih are
relevant for proto-neutron stars have to be onsidered. It is a neessary as-
sumption that the matter is opaque to neutrinos. As a result neutrinos are
trapped dynamially inside the matter on the diusion time sale and in on-
tradition to neutron star matter the total lepton number YL = Ye+Yµe+Yµ is
kept onstant. Theoretial preditions determine the value of YL at the onset
of trapping at about 0.35-0.4. Sine a proto-neutron star is formed during a su-
pernova explosion it is safely to make an assumption about nite temperature
in the interior of a star. This is limited by the requirement of onstant value of
entropy in a proto-neutron star ore. In this paper the temperature is xed and
equals 20 MeV. Thus onditions whih have to be onsidered namely: nite
temperature, lepton number onservation, β- equilibrium, harge neutrality
10
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Figure 2. The equation of state for the proto-neutron star for dierent values of
the proton onentration Yp and strength of magneti eld. TM1 model with the
nonlinear terms.
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Figure 3. The mass radius relations for dierent proton frations Yp (T = 20, MeV ,
B ∼ 103 Bec , Bec=4.414 × 1013). For omparison the mass radius relation for the
proto-neutron star without magneti eld (B = 0) is also presented).
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Figure 4. The mass radius relations for neutron and proto-neutron stars for dierent
parameter sets.
and additionally nonzero magneti eld allow to onstrut a realisti proto-
neutron star model. All of these mentioned above onditions inuene medium
properties suh as nuleon eetive masses, density and proton-neutron asym-
metry and in onsequene onstrain the nuleon and lepton speies inside the
star ore. The proton fration Yp = np/(np + nn) whih is determined by β
equilibrium, for matter transparent to neutrinos (neutron star matter) takes
the value of the order of ∼ 0.1 whereas when neutrinos do ontribute they
displae the equilibrium proton fration to the higher value Yp ∼ 0.3 − 0.36.
For the purpose of omparison all alulations have been performed for de-
reasing value of proton frations Yp = 0.34, Yp = 0.22, Yp = 0.11, respe-
tively. This hanging proton-neutron asymmetry through relation (17) alters
the lepton hemial potentials. Figure 1 displays hemial potentials of ele-
tron neutrinos, eletrons and muons for two extreme values of Yp (Yp = 0.11
and Yp = 0.34). They have been examined for moderate strength of magneti
eld. If the proton fration equals Yp = 0.34 (the proto-neutron star matter)
eletron and neutrino eletron hemial potentials are inreasing funtions of
a density. Neutrinos are trapped inside the matter and their hemial poten-
tial diers from zero (see relation 16). For the proton fration Yp = 0.11 the
matter inside the star resembles that of a neutron star whih is haraterized
by larger value of asymmetry. Neutrinos are about to leave the system and
their hemial potential vanishes µν → 0. This piture shows the prole of
neutrino hemial potential in the ore of the star for the hosen values of
Yp and for hosen parameter set (TM1+nonl.). For the star with the value of
asymmetry typial for a proto-neutron star matter (Yp ∼ 0.38) muons are of
insigniant meaning. However, they beome muh more important for lower
12
value of proton number. The asymmetry entered into alulations at dierent
levels starting from the displaement of proton and neutron hemial poten-
tials µp 6= µn. In a model with δ meson exhange additionallyMp 6=Mn. There
are also ontributions oming from nonlinear vetor meson interations. The
nulear asymmetry diminishes the neutrino hemial potential and thus low-
ers neutrino density. The inuene of the asymmetry is most distintive in the
high density region inside a proto-neutron star. The forms of neutrino proles
in the proto-neutron star ore depend on the asymmetry of the whole system.
The behavior of hemial potentials translates to the forms of the equation of
state and suessively to the mass-radius relations. Results are obtained for
two partiular ases namely for the nonmagneti one (B = 0) and for the value
of magneti eld B ∼ 103Bec . The presene of magneti eld makes the equa-
tion of state stier (Fig. 2), whereas for more asymmetri matter the obtained
equation of state is softer. Dots represent the limit of making the approxi-
mation of spherially symmetri star in the presene of magneti eld. For
more asymmetri matter the dot is shifted towards higher densities. In Fig. 3
one an ompare the inuene of hanging proton fration on star parameters.
The obtained sequenes of mass-radius for nonmagneti and magneti proto-
neutron stars show that the inreasing asymmetry diminishes proto-neutron
star radii ausing that the star parameters start to resemble that of neutron
stars. This eet is even stronger in the presene of magneti eld. There are
relatively minor hanges in the value of maximal masses aused by the vari-
ation of proton fration. However, there is a tendeny of the inrease of the
maximal mass for growing asymmetry. The star parameters are also sensitive
to the presene of nonlinear vetor meson interation terms in the Lagrangian
funtion (2). This is learly visible in Fig. 4. Comparison of results obtained
for original GM3 and TM1 equations of state (for neutron stars) with that ob-
tained for TM1+nonl. shows that the last one gives the onguration with the
bigger value of maximal mass. In the range of lower densities the TM1+nonl.
parameter set gives the star with the smaller radius. Thus in the ase of high
asymmetry nonlinearities reate more ompat objets. Nonlinearities alter
proto-neutron star parameters insigniantly. This is aused by lower value of
the asymmetry.
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